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Sažetak:
Kvantne Bose-Bose kapljice, jedinstveno samovezano stanje stabilizirano kvantnim fluktuacijama, su
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kapljica, te njihovo ponašanje uz snažno stiskanje duž jedne osi. Numerički izračuni su provedeni
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1 Introduction

Quantum particles fall into two categories depending on the behaviour under interchange of
two particles and corresponding statistics: bosons and fermions. Fermions follow the Pauli
exclusion principle, which states that no more than one fermion can occupy the same quantum
state. This restriction underlies the complex structure of matter, most importantly, electronic
shells in atoms which enables molecules, chemical reactions and, therefore, practically
everything we see. On the other hand, no such limitations exist for bosons, enabling them to
occupy the same quantum state in macroscopic numbers.

At the low enough temperature, bosons accumulate in the lowest energy state, giving rise to
the new state of matter: Bose-Einstein condensate (BEC), a macroscopic quantum state where
all particles share the same wavefunction. This idea was first predicted by Albert Einstein’s
work in 1925 [1], where he predicted a phase transition during which, at some critical
temperature TC , bosons start to condense at the lowest energy state. When the absolute zero is
approached, all bosons in the system are in the condensate, making macroscopic
wavefunctions possible to achieve.

The first experimental realisation of Bose-Einstein condensation in alkali vapours was
achieved in 1995, making a milestone in atomic physics. Two groups accomplished this
breakthrough independently: E. A. Cornell and C. E. Wieman at the University of Colorado
created a condensate of rubidium-87 atoms [2], while W. Ketterle and his team at the
Massachusetts Institute of Technology (MIT) realized condensation using sodium [3]. These
experiments provided the first direct observation of macroscopic quantum phenomena in dilute
atomic gases. For this breakthrough, Cornell, Wieman and Ketterle were awarded the Nobel
Prize in Physics in 2001.

With the existence of BECs firmly established, the focus of the field shifted from creation
to characterization and manipulation. A key experimental development in this pursuit was the
usage of Feshbach resonances [4], which allow for the precise tuning of interaction strength
between atoms simply by changing an external magnetic field. This high level of control turned
ultracold atoms into a versatile quantum playground. On the theoretical front, there was a
need for a robust descriptive framework, leading to the widespread adoption of the mean-field
approach for these weakly interacting systems.

The standard BEC is a very dilute gas, making the mean-field approach suitable for exploring
the theoretical framework. In the mean-field theory we assume all particles to occupy the same
single-particle quantum state (k = 0). This approach results in the famous Gross-Pitaevskii
equation [5, 6], which is essentially an effective nonlinear Schrödinger equation. It captures
collective dynamics, ground state properties and excitations of weakly interacting BECs. When
the density increases, first correction to the mean-field theory needs to be introduced.
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This was first rigorously quantified by T. D. Lee, K. Huang and C. N. Yang in 1957 [7, 8],
who derived the analytical expression for the leading-order correction to the energy of a dilute
Bose gas, which is known as the Lee-Huang-Yang (LHY) correction. In a single-component
Bose gas, mean-field interaction dominates as the corrections are almost negligible. However,
in the mixtures of two BECs with interspecies attraction and intraspecies repulsion, D. Petrov
predicted [9] a significant manifestation of beyond mean-field effects. A particularly striking
discovery is the formation of quantum Bose-Bose droplets which are self-bound states stabilized
by quantum fluctuations (the LHY correction) that counteract the mean-field attraction. In order
for them to be stable, their number of atoms has to be above some critical number, and in that
case the binding energy is negative.

Soon after Petrov’s theoretical predictions, experimental groups confirmed the formation of
droplets in both dipolar and Bose-Bose mixtures. The first observation of quantum droplets
was reported in dipolar condensates of dysprosium atoms by H. Kadau et al. in 2016 [10].
Shortly after, C. Cabrera et al. [11] and Semeghini et al. [12] realized quantum droplets in
potassium mixtures, directly confirming Petrov’s predictions. These groundbreaking
experiments established the crucial role of beyond-mean-field effects in ultracold gases.

Once a novel state of matter like a quantum droplet is realized, a primary experimental and
theoretical goal is to characterize its fundamental properties. One of the most powerful,
non-destructive methods for this is the study of its collective excitations. By slightly
perturbing the droplet and observing its following oscillations, one can directly probe its
equation of state, which dictates properties of interest. These collective modes, such as the
monopole (breathing) mode and the quadrupole mode, act as the fingerprints of the system.
Their oscillation frequencies are very sensitive to the delicate balance between the attractive
mean-field energy and the repulsive beyond-mean-field corrections. Early experiments on
droplet excitations in spherically symmetric traps provided stunning quantitative verification of
the LHY theory [11], as well as beyond-LHY effects including oscillations [13, 14],
solidifying our understanding of these self-bound states.

However, the physics of quantum droplets becomes even richer and more complex when
the external symmetries are broken. While initial studies focused on droplets in isotropic
traps or without external confinement, the frontier of the field now lies in understanding their
behaviour under anisotropic confinement. By squeezing using the trapping potential, one can
force a dimensional crossover [15, 16]. This crossover from a three-dimensional to a quasi-
two-dimensional or quasi-one-dimensional system is not a trivial change, as it fundamentally
alters the nature of quantum fluctuations, and therefore, the form of the LHY stabilization term
itself. This opens up a fascinating landscape of new phenomena, from the deformation of a
single droplet to a train of solitons [17]. It also reduces the critical number of atoms required
for a stable self-bound droplet, allowing for easier experimental realisation [11, 18].

The primary objective of this thesis is to investigate the collective oscillations of Bose-Bose
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quantum droplets under strong anisotropic confinement, more precisely the strong harmonic
trap in the z direction. By employing extensive numerical simulations based on a Quantum
Monte Carlo (QMC) derived density functional [19], we aim to find the droplet excitation
spectrum for both breathing and quadrupole modes, as a function of confinement strength and
the droplet size. Also, the stability of observed oscillation modes will be further investigated, by
studying the relation between chemical potential with droplet size and confinement properties.
This work seeks to provide a comprehensive understanding of how squeezing affects droplet
dynamics and to offer clear and testable predictions for future experiments.

The structure of this thesis is organized as follows: Chapter 2 covers the theory fundamentals,
from single to multi-component Bose gases, introducing the mean field theory, Lee-Huang-
Yang correction and the density functional theory. In Chapter 3, methods used are covered, from
construction of the QMC density functional to the general simulation procedure. In Chapter
4, the study of the non-squeezed droplets is performed and compared against known results
from literature to confirm the simulation validity. In Chapter 5, the focus shifts to the study of
squeezed droplets, presenting the new results and the discussion. Finally, Chapter 6 concludes
the thesis and gives the summary of the results.

3
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2 Theory overview

In this Chapter, short theory overview will be made. It is mainly based on the book from Lev
Pitaevskii and Sandro Stringari [20], and the book from C. J. Petchick and H. Smith [21], with
parts also taken from Viktor Cikojević’s doctoral thesis [22]. First subsection is a brief overview
of the basic Bose gas theory, including mean-field and Lee-Huang-Yang approaches, and also
introducing the idea of density functional theory. Second subsection will add another type of
bosons to the mixture and study Bose-Bose mixtures, arriving on introduction of self-bound
Bose-Bose quantum droplets which are the main focus point of this thesis.

2.1 Single component Bose gas

2.1.1 Bogoliubov theory

When there is a system composed of N identical quantum particles of mass m, it obeys the
Schrödinger equation

i~
∂Ψ(r1, . . . , rN)

∂t
= ĤΨ(r1, . . . , rN), (2.1)

with the Hamiltonian given by

Ĥ =
N∑
i=1

{
− ~2

2m
∇2
i + Vext(ri)

}
+

N∑
i<j

Vpair(ri − rj), (2.2)

where Vext(r) is the external potential and Vpair is the interaction potential between the two
particles. We can write the Hamiltonian in the second-quantization formalism [23]

Ĥ =

∫
d3rΨ̂†(r)

{
− ~2

2m
∇2 + Vext(r)

}
Ψ̂(r)

+
1

2

∫
d3r

∫
d3r′Ψ̂†(r)Ψ̂†(r′)V (r− r′)Ψ̂(r′)Ψ̂(r), (2.3)

where Ψ̂ is the field operator

Ψ̂(r) =
∑
i

ψi(r)âi, (2.4)

and ψi(r) is the i-th single-particle state, while âi and â†i are annihilation and creation operators.
For particles that follow Bose-Einstein statistics, commutation relations are

[
âi, â

†
j

]
= δij and

[âi, âj] =
[
â†i , â

†
j

]
= 0, and their expectation values are [24]

4
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〈â†kâk〉 = Nk, (2.5)

where Nk is the occupation number of the k-th state. At near absolute zero temperatures
and weak interactions, excited states in Bose systems are barely populated, therefore to a first
approximation we can replace the field operator with its average value [24, 25]

Ψ̂(r)→ ψ = 〈Ψ̂〉 ≈ ψ0(r), (2.6)

where ψ0 =
√
ρ0 is the wavefunction of the condensate, with ρ0 being the number density of

the condensate. In a real system, not all particles are in the condensate. This is due to ground
state being mixed with excited states because of the two-body interaction. It can be shown [21]
that the depletion of the condensate is

ρ0

ρ
= 1− 8

3
√
π

√
ρa3, (2.7)

with ρ being a total density and a the s-wave scattering length. It can be seen that the gas
parameter ρa3 has a role of a perturbative parameter of the theory. Experimentally observed,
usually, this parameter is of the magnitude order of 10−5, therefore the depletion of the
condensate is around one percent.

From the equation of motion for Ψ̂

i~
∂Ψ̂

∂t
=
[
Ψ̂, Ĥ

]
, (2.8)

and the Bogoliubov replacement (Eq. (2.6)), the equation of motion for ψ is

i~
∂ψ(r, t)

∂t
=

{
− ~2

2m
∇2 + Vext(r)

}
ψ(r, t)

+

∫
d3r′ψ∗(r′, t)Vint(r− r′)ψ(r′, t)ψ(r, t). (2.9)

Interaction potential usually has a complicated form, but generally it can be broken down to
short-range hard-core repulsive part and a long-range Van der Waals tail which is attractive and
diminishes as ∝ r−n at large distances. When the incident wave-vector k of the interparticle
collisions is small, and the mean interparticle distance is significantly larger than the typical
potential range, we can replace interparticle potentials with the effective potential

Vint(r− r′)→ Veff(r− r′) =
4π~2a

m
δ(r− r′), (2.10)

where a is the s-wave scattering length, which determines the strength of the potential. When

5
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we use this substitution in the Equation (2.9), we get the Gross-Pitaevskii equation

i~
∂ψ(r, t)

∂t
=

{
− ~2

2m
∇2 + Vext(r)

}
ψ(r, t) +

4π~2a

m
|ψ(r, t)|2 ψ(r, t). (2.11)

This equation is not restricted to soft potentials, it generally holds for arbitrary interactions,
with the s-wave scattering length a as the relevant interaction parameter. It was derived
independently by E. P. Gross [5] and Lev Pitaevskii [6] in 1961 and is the main theoretical tool
for dealing with nonuniform dilute Bose gases at very low temperatures. The important
peculiarity of the Gross-Pitaevskii equation is its nonlinearity, which arises from the
interactions between particles.

We can shortly discuss the limits of applicability of GPE. Firstly, the total atom number must
be large enough so the statistical approach holds, thus allowing us to introduce the Bose-Einstein
condensation. Second condition requires that the system temperature is low enough and that the
interparticle interactions are weak, so we can replace the field operator with the classical field
as in Eq. (2.6). Lastly, we are allowed to use GPE only when studying phenomena taking place
over distances far greater than the scattering length a.

2.1.2 Lee-Huang-Yang energy

As the density of the condensate increases, higher-order momentum contributions to effective
interactions become non-negligible, so we need to account for the condensate depletion.
Replacement of the interaction potential with the effective one (Eq. (2.10)) becomes incorrect,
as it holds only for very small values of the gas parameter ρa3. First correction to the
mean-field energy is called the Lee-Huang-Yang (LHY) potential [7, 8]. Ground-state energy
per particle of the single-component Bose gas, with incorporated LHY correction, is

E

N
=

2π~2a

m
ρ

{
1 +

128

15
√
π

√
ρa3

}
. (2.12)

Correcting the mean-field energy with the LHY term is correct up to ρa3 ≈ 10−3. For higher
densities, more scattering parameters are required because the universality in terms of the s-
wave scattering length is ended [26, 27]. LHY correction term has been also derived for the non
homogeneous Bose gas [28], and confirmed to hold up to ρa3 ≈ 10−3 in a QMC simulation [29].

2.1.3 Density functional theory

Density Functional Theory (DFT) presents an alternative method for tackling many-body
problems [30, 31]. The theory is built upon the ground-state particle density, which is defined
as

6
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ρ(r) =

∫
d3r2 . . . d

3rNΨ∗(r, r2, . . . , rN)Ψ(r, r2, . . . , rN), (2.13)

where Ψ is the many-body solution to the Schrödinger equation. This density can be found by
minimizing the energy functional, E[ρ(r)], composed of kinetic (T ), external potential (Vext),
and interaction (Vint) energy terms

E [ρ(r)] = T [ρ(r)] + Vext [ρ(r)] + Vint [ρ(r)]

= 〈Ψ| − ~2

2m
∇2|Ψ〉+ 〈Ψ|Vext|Ψ〉+ 〈Ψ|Vint|Ψ〉, (2.14)

where ∇2 =
∑N

i=1∇2
i , Vext =

∑N
i=1 Vext(ri) and Vint =

∑N
i<j Vint(|ri − rj|). The task of

determining the ground-state density and other observables thus becomes a minimization
problem with Eq. (2.14). There is one-to-one correspondence between the ground-state density
profile ρ(r) and the Hamiltonian of the system making this theory exact in its nature. In
practice, however, the exact form of the interaction energy density is unknown and must be
approximated, making this theory non-exact in practice. Fortunately, it has been shown [32]
that this challenge can be addressed by empirically constructing density functionals from data
generated by exact methods, such as diffusion Monte Carlo simulations.

For a system described as a pure condensate, we can implement the Hartree approximation.
This involves treating the many-body wavefunction as a product of identical single-particle
states

ΨH(r1, . . . , rN) =
N∏
i=1

ψ(ri). (2.15)

A crucial assumption is then made for the interaction energy term, expressing it as an integral
of an interaction energy density

〈Ψ |Vint|Ψ〉 =

∫
d3rEint [ρ] , (2.16)

where the energy-density term Eint(r) accounts for all interaction effects. To derive the time
evolution of the system, we first need to introduce the Lagrangian L

L =

∫
d3rL

=

∫
d3r

[
i~
2

(
ψ∗
∂ψ

∂t
− ψ∂ψ

∗

∂t

)
− ~2

2m
|∇ψ|2 − Vext(r) |ψ|2 − Eint(r)

]
, (2.17)
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and then apply the principle of least action δ
∫ t2
t1
Ldt = 0 which yields a Schrödinger-like

equation. When the local density functional is proportional to some power of the density ρ, the
resulting equation of motion for ψ is

i~
∂ψ

∂t
= ĤDFTψ =

{
− ~2

2m
∇2ψ + Vext +

∂Eint

∂ρ

}
. (2.18)

This formalism can be directly linked to the results of QMC simulations. The bulk properties
of the system can be accurately determined by fitting the numerically calculated energy per
particle, E/N . Consequently, the interaction term Eint, can be expressed as [22]

Eint =
E

N
ρ. (2.19)

2.1.4 Numerically solving GPE-like equations

In order to be able to solve Eq. (2.18), firstly, we need to discretize the space domain by making
every axis an equally spaced one-dimensional grid. Wavefunction of interest ψ has a value
for every point located at the grid intersections. It evolves through time by applying the time-
evolution operator at each discretized time step ∆t which can be written as

ψ(t+ ∆t) = τ (∆t)ψ(t), (2.20)

where the time-evolution operator τ can be written as

τ (∆t) = e{−iĤDFT∆t/~}. (2.21)

It is not known analytically, so we approximate it using the Trotter formula. The simplest one
is second-order Trotter propagation formula

τ (∆t) = e−i∆tV (r′)/2~e−i∆t~∇
2/2me−i∆tV (r)/2~ + O(∆t3). (2.22)

Propagators that contain the potential

V = Vext(r) +
∂Eint

∂ρ
(2.23)

are evaluated in real space, while the middle propagator is evaluated in wave-number space.
The whole propagator remains unitary, therefore it preserves the number of particles during the
real-time propagation. For obtaining ground-states, we perform time propagation in imaginary
time by substituting τ = −it/~. For large enough imaginary-time propagation, only ground-
state remains from the wavefunction, since every excited state decays exponentially. The overall

8
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method [22] is presented bellow:

a)
ψ1(r) = G1 · ψ(r, t), (2.24)

where

G1 = exp

{
−1

2
i∆tV/~

}
, V = Vext(r) +

∂Eint

∂ρ
, ρ = |ψ(r, t)|2 . (2.25)

Here, the operator (·) denotes the element-wise multiplication. The output tensor has the
same dimensions as the two tensors to be multiplied, with each grid point (i, j, k) computed
as the product of the corresponding elements from the two tensors.

b)
ψ2(r) = FFT−1 [G2 · FFT [ψ1]] , (2.26)

where
G2 = exp

{
−i∆t~k2/2m

}
. (2.27)

The abbreviation FFT stands for Fourier transform, which is used for transition from the
r-space to the k-space. In preparation for the next step, we need to return to the r-space
which is accomplished by applying inverse Fourier transform denoted by FFT−1.

c)
ψ(r, t+ ∆t) = G1 · ψ2(r), (2.28)

where

G1 = exp

{
−1

2
i∆tV/~

}
, V = Vext(r) +

∂Eint

∂ρ
, ρ = |ψ2(r)|2 . (2.29)

This last step is very similar to the first, only difference being intermediate wave function
ψ2(r) and the corresponding density ρ being used instead of the initial ones.

2.2 Mixtures of Bose gases

Now, we are going to consider mixtures of two Bose-Einstein condensates. The Hartree
wavefunction reads

Ψ(r1, . . . , rN) =

N1∏
i=1

ψ1(ri)
N∏

j=N1+1

ψ2(rj), (2.30)

9
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where N1 and N2 are the number of atoms of the first and second component, respectively.
Furthermore, N = N1 + N2 is the total atom number. A general density functional for the
two-component quantum Bose-Bose mixture can be written as

E [ρ1, ρ2] =
~2

2m1

|∇ψ1(r)|2 + V
(1)

ext (r)|ψ1(r)|2+

~2

2m2

|∇ψ2(r)|2 + V
(1)

ext (r)|ψ2(r)|2+

Eint[ρ1, ρ2], (2.31)

where mi is the mass of atom from i-th component and V (i)
ext (r) is the external potential applied

to the i-th component. In a two-component Bose-Bose mixture, the mean-field energy
functional with point interactions is

E MF
int =

1

2
g11ρ

2
1 +

1

2
g22ρ

2
2 + g12ρ1ρ2, (2.32)

where gii = 4π~2aii/mi (i = 1, 2), g12 = 2π~2a12/µ and µ = (m1m2)/(m1 + m2). The
corresponding coupled equations for ψ1 and ψ2, the Gross-Pitaevskii equations, are

i~
∂ψi
∂t

=

{
− ~2

2mi

∇2 + Vi(ρ1, ρ2)

}
ψi, (2.33)

where i = 1, 2 and

Vi = giiρi + g12ρj, (2.34)

with j 6= i = 1, 2. Also, ρi = |ψi|2.

2.2.1 Stability of a Bose-Bose mixture

For a mixture to be stable, the energy must be at a minimum, therefore it must increase for
deviations of both densities δρ1 and δρ2. For an infinitesimal density variation, kinetic energy
terms can be neglected, so the total energy of a homogeneous Bose-Bose mixture using the
mean-field approximation is

E =

∫
d3rEint =

∫
d3r

{
1

2
g11ρ

2
1 +

1

2
g22ρ

2
2 + g12ρ1ρ2

}
. (2.35)

A first order variation δE reads

δE =

∫
d3r

{
∂Eint

∂ρ1

δρ1 +
∂Eint

∂ρ2

δρ2

}
, (2.36)

10
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which vanishes because the number of atoms is conserved
∫
d3rδρi = 0, for i = 1, 2. Second-

order variation is

δ2E =
1

2

∫
d3r

{
∂2Eint

∂ρ2
1

(δρ1)2 +
∂2Eint

∂ρ2
2

(δρ2)2 + 2
∂2Eint

∂ρ1∂ρ2

(δρ1δρ2)

}
. (2.37)

Expanding the integrand to a positive definite square, it reads

(√
∂µ1

∂ρ1

δρ1 ±

√
∂µ2

∂ρ2

δρ2

)2

=
∂µ1

∂ρ1

(δρ1)2 +
∂µ2

∂ρ2

(δρ2)2 + 2δρ1δρ2
∂2Eint

∂ρ1∂ρ2

+ 2δρ1δρ2

{
±

√
∂µ1

∂ρ1

∂µ2

∂ρ2

− ∂2Eint

∂ρ1∂ρ2

}
, (2.38)

where the chemical potential is µi = ∂Eint/∂ρi, for i = 1, 2. Requiring δ2E > 0 leads to the
conditions

∂µi
∂ρi

= gii ≥ 0, (2.39)

and

±

√
∂µ1

∂ρ1

∂µ2

∂ρ2

−

√
∂µ1

∂ρ2

∂µ2

∂ρ1

= ±√g11g22 − g12 ≥ 0. (2.40)

Condition shown in Eq. (2.39) is due to the requirement of stability against collapse of each of
the components. In case of attractive interactions, when gii is negative, the system is unstable
under variations of density, therefore it is a self bound cluster. For the repulsive interspecies
interactions, g12 > 0, the requirement for stability is obtained for a positive sign in Eq. (2.40),
and is

g12 ≤
√
g11g22. (2.41)

This condition ensures that the density disturbance of any of the two components does not lead
to their phase separation. In case of negative sign in Eq. (2.40), when interspecies interactions
are attractive, the stability condition is

g12 ≤ −
√
g11g22, (2.42)

so it prevents the formation of a self bound cluster due to the stronger interspecies attraction over
geometric average of intraspecies repulsion. When g12 = −√g11g22, the optimal configuration
satisfies ρ2/ρ1 =

√
g11/g22, according to Eq. (2.38). For g12 > −

√
g11g22, the ground-state is

11
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either a collapsed state or a dense droplet, depending on the number of atoms.

2.2.2 LHY energy for Bose-Bose mixtures

As mentioned in section 2.1.2, the first energy correction to the mean-field is the Lee-Huang-
Yang term, which is derived in [33] for quantum mixtures. It becomes significant as we increase
interaction strength and density of the gas, making condensate depletion non negligible. The
LHY energy density term is

ELHY =
8

15π

(m1

~2

)3/2

(g11ρ1)3/2 f

(
m2

m1

,
g2

12

g11g22

,
g22ρ2

g11ρ1

)
, (2.43)

where f(z, u, x) is shown in [34]. If we have a mixture of different hyperfine states of the same
atoms, for which m1 = m2 and z = 1, it becomes [9]

f(1, u, x) =
1

4
√

2

∑
±

(
1 + x±

√
(1− x)2 + 4ux

)5/2

. (2.44)

For a two-component mixture with g11 6= g22 6= g12, the LHY term is given in terms of an
integral which solution is not analytically obtainable. Nevertheless, an accurate and effective
expression for it was shown in [35], therefore the LHY term for a mixture with approximation
g2

12 = g11g22, is

ELHY '
8m

3/2
1 (g11ρ1)5/2

15π2~3

[
1 +

(
m2

m1

)3/5
g22ρ2

g11ρ1

]5/2

. (2.45)

2.2.3 Quantum droplets

A mixture with attractive mean-field energy can be balanced with the repulsive LHY energy,
resulting in a stable self-bound droplet. This stabilization arises from the interplay between
mean-field forces and quantum fluctuations. Dmitri Petrov demonstrated [9] a theoretical
explanation of these droplets. Classical mean-field approach does not produce energy that has
a minimum, thus we need an extension within LHY theory which modifies total energy so it
obtains a distinct, stable global minimum. This can be illustrated easily by numerically
evaulating both energies and visualising them in Fig. 1.

In the focus of this thesis are the mixtures with g11 > 0, g22 > 0 and g12 < 0. In other
words, mixtures where intraspecies interactions are repulsive and interspecies interactions are
attractive, allowing an energy minimum to be possible.

12
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Figure 1: Graphical illustration of the balance between repulsive mean-field (MF) and attractive Lee-
Huang-Yang (LHY) interactions which allows for quantum droplet formation. Both the density ρ and
energy per particle E/N are in arbitrary units.
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3 Methods

In this Section, we will make a brief overview of methods used in this thesis. First, we will
explain how to form an energy functional from data obtained by QMC simulation. Also, we will
present the sum rule approach for quickly predicting approximate values for peak frequencies.
Then, the Liquid Drop Model will be introduced in order to link the chemical potential to the
number of atoms, with the aim of establishing a stability threshold. In the end, the simulation
procedure will be presented.

3.1 QMC Density Functional

A key step in describing quantum droplets of Bose mixtures is to establish an accurate energy
functional that can be applied within the local density approximation. While the mean-field
(MF) plus Lee-Huang-Yang (LHY) correction provides an universal and analytic expression, it
is derived under the assumption of weak interactions and may become inaccurate in regimes
where correlations or finite-range effects are non-negligible. In contrast, quantum Monte Carlo
(QMC) simulations, such as the diffusion Monte Carlo (DMC), offer an exact approach within
statistical noise that captures the full many-body correlations of the system. The key problem
with QMC simulations of a large number of atoms is that they are computationally very
expensive, and quickly become intractable as the number of particles increases. To make QMC
results usable in practical calculations, they can be parametrized by a compact density
functional.

We consider 39K mixtures at the optimal relative atom concentration yielded by the mean
field theory [9]

N1/N2 =
√
a22/a11. (3.1)

For such mixtures, it is shown [22] that the energy per atom in the QMC approach can be written
as

E

N
= αρ+ βργ, (3.2)

where ρ is the total atom number density. The parameters α, β and γ were determined [18]
by fitting to the results obtained by DMC simulation for the model potentials that satisfy the
s-wave scattering length and effective range. This parametrization provides an effective density
functional that encapsulates beyond-MF effects while remaining computationally tractable.
This approach does not yield an universal expression for E/N , as it depends on the value of the
applied B, which tunes the interaction strengths. Table 1 shows obtained parameters for three
different magnitudes of B. As the magnetic field increases, α becomes less negative while both
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Table 1: Parameters of the QMC density functional for various strengths of the magnetic field B,
empirically determined by fitting to the DMC simulation data. These values are taken from [18].

B(G) α β γ

56.230 -0.812 5.974 1.276
56.453 -0.423 8.550 1.373
56.639 -0.203 12.152 1.440

β and γ increase, reflecting the strengthening of repulsive correlations in the mixture. For all
the calculations performed throughout this thesis, B = 56.230 G will be used.

For the same relative concentration, the MF+LHY energy per particle can be written in similar
expression

E/N

|E0|/N
= −3

(
ρ

ρ0

)
+ 2

(
ρ

ρ0

)3/2

, (3.3)

where E0/N and ρ0 are the equilibrium energy per atom and equilibrium density. In contrast
to Eq. (3.2), this expression is written in terms of universal quantities and does not depend
explicitly on B.

The energy per atom shown in Equation (3.2) allows for introducing, within local density
approximation, a density functional whose interacting part is

Eint = ρ
E

N
= αρ2 + βργ+1. (3.4)

This form is directly applicable to studies of droplets in external traps or inhomogeneous
geometries, allowing one to capture the beyond-MF correlations encoded in the QMC
simulations. A similar construction can be made for the MF+LHY energy functional, where
the interaction part can also be expressed as a power series in ρ. The essential distinction is
therefore between universality (MF+LHY) and system-specific accuracy (QMC).

3.2 Multipole moments

In this thesis we will focus on two oscillation modes; the breathing mode and the quadrupole
mode which are the oscillations of the monopole moment Q0 and the quadrupole moment Q2,
respectively.

The monopole moment Q0 is a measure of the overall size of the system, as it is directly
proportional to the mean square radius of the particle distribution. Therefore, oscillations in Q0

correspond to isotropic expanding and shrinking of the droplet, which appears as "breathing"
of the droplet. The quadrupole moment Q2 measures the anisotropy of the spacial distribution
along a chosen axis. A non-vanishingQ2 indicates an elongated or flattened shape of the droplet
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along this axis, and oscillations of Q2 correspond to transitions between prolate and oblate
shapes of the droplet. This is illustrated in Fig. 2.

The discrete definition of the monopole moment Q0 is

Q0 =
N∑
i

r2
i , (3.5)

where sum is over all atoms in the system, and r2
i is the squared distance of particle from the

origin of the coordinate system. Similarly, the quadrupole moment is defined as

Q2 =
N∑
i

(3z2
i − r2

i ) =
N∑
i

(2z2
i − x2

i − y2
i ), (3.6)

where z is selected as the axis of interest, as the quandrupole moment is defined along some
axis. Analogously, Q2 can be defined along other two axes

Q
(x)
2 =

N∑
i

(3x2
i − r2

i ) =
N∑
i

(2x2
i − y2

i − z2
i ), (3.7)

Q
(y)
2 =

N∑
i

(3y2
i − r2

i ) =
N∑
i

(2y2
i − x2

i − z2
i ). (3.8)

In our analysis, to excite the droplet, we use a potential of the form

Vi = λQi, (3.9)

where λ is a perturbative parameter of arbitrary choice, andQi is the moment which corresponds
to the oscillation mode of interest. The choice of perturbation potential Vi ensures coupling to
the desired collective mode. Perturbing with V0 uniformly increases or decreases the radius
of the droplet for a small amount. Then, after turning off the perturbation, system exhibits
monopole oscillations. Similarly, perturbing with V2 elongates the droplet along the chosen
axis, which excites quadrupole oscillations. The arbitrary parameter λ is a measure of the
perturbation strength, and in our calculations is kept small enough so the oscillations remain in
harmonic regime.

3.3 Sum rules

When the majority of the multipole strength is in a single narrow peak, it is possible to estimate
the peak frequency using the sum rules approach [20, 36]. For the monopole and quadrupole
modes, the E1 energies are
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Figure 2: Graphical illustration of different oscillation modes for a spherical droplet. Modes shown
are: (a) breathing (monopole) mode, (b) dipole mode and (c) quadrupole mode. Figure taken from [37]

E1(l = 0) = −

√
−4~2

m

〈r2〉
(∂〈Q0〉/∂λ) |λ=0

, (3.10)

and

E1(l = 2) = −

√
−8~2

m

〈r2〉
(∂〈Q2〉/∂λ) |λ=0

, (3.11)

where λ is the strength parameter of the perturbation in the Hamiltonian.

Results obtained from these formulas will be compared against numerically obtained
frequencies to mutually ensure validity of both approaches. However, it must be remembered
that these expressions are just an estimation and can not be used as an exact analytical
benchmark.

3.4 Chemical potential

It is also needed to study the relation between the chemical potential and the oscillation energy,
because the chemical potential plays a crucial role in determining the stability of collective
excitations. In general, the chemical potential µ is defined as the energy cost of adding or
removing a single particle from the system. For oscillations to be stable, their energy must fall
bellow the absolute value of the chemical potential |µ|. When energy lies above this threshold,
then it is energetically favourable to eject atoms from the droplet, making the droplet unstable.

In order to determine how µ depends on the system size, let’s introduce the Liquid Drop
Model (LDM)

E = EVN + ESN
2/3 + ECN

1/3 (3.12)

which connects energy of the droplet E with the number of atomsN . The first term is known as
the volume term, which is proportional to the number of atomsN , i.e. the volume of the droplet.
Second term is the surface term, which is a correction to the first term due to surface atoms not
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being completely surrounded by atoms, thus not having the same amount of interaction energy.
Third term is the curvature term, which accounts for energy that emerges as a result of the
droplet curvature.

Model coefficients EV , ES and EC have to be determined by fitting to the data obtained by
the simulation. We will write the equation (3.12) in the form

E

N
= EV + ESx+ ECx

2 (3.13)

where x = N−1/3. This formulation is convenient as we only have to deal with energy per
particle, which is of the same order of magnitude across the whole range of N . Also, we need
to calculate ∂

∂N
of the equation (3.12) to obtain

∂E

∂N
= EV +

2

3
ESN

−1/3 +
1

3
ECN

−2/3 (3.14)

where we recognise left side of the equation as the chemical potential µ. This expression shows
explicitly how the chemical potential µ depends on the number of atoms in the system N . For
very large N , surface and curvature contributions vanish, and µ ≈ EV , which is expected for
an infinite homogeneous system. For smaller N , surface and curvature contributions become
significant, lowering the binding energy and therefore reducing the stability of oscillations.

By comparing the numerically obtained oscillation energies with the chemical potential, we
can easily determine whether a given collective mode is stable against particle emission. This
provides a clean way for distinguishing the stable collective oscillations from the decaying
modes.

3.5 Simulation procedure

The simulations performed in this thesis follow a systematic three-step procedure which
develops a stable ground state, then perturbs it using Vi = λQi perturbation potential, and
finally evolves the system in real time, extracting dynamical information about the oscillations
of interest. It can be decomposed as follows:

a) Ground-state preparation (imaginary-time propagation)

The simulation begins by initialisation of the trial wavefunction, and propagation in
imaginary time without the application of the external perturbation. Imaginary-time
propagation ensures that all excited states decay exponentially, converging the
wavefunction to the ground-state of the system. The output of this step is the wavefunction
of the droplet stabilized in the ground energy state. Energy per particle from this step is
used for obtaining the LDM coefficients in Eq. (3.13).

18



Marko Korda: Oscillations of squeezed Bose-Bose quantum droplets

b) Stabilization of the perturbed state (imaginary-time propagation)

In the second step, the obtained ground-state wavefunction is loaded and an external
perturbative potential Vi = λQi is applied, which is chosen to couple specifically to the
oscillation mode of interest. For breathing mode this corresponds to the operator Q0

(Eq. (3.5)), while for quadrupole mode the perturbation is proportional to Q2 (Eq. (3.6)).
The magnitude of the perturbation parameter λ is very small so that the system is only
slightly deformed, therefore oscillates harmonically. System is propagated in the
imaginary time in order to stabilise the wavefunction in this new, perturbed state. The
output of this step is the wavefunction of the droplet, stabilized in the slightly deformed
state. We then use outputs from simulations with different values of λ in order to perform
the sum rule calculation (Eqs. (3.10) and (3.11)).

c) Real-time propagation and oscillation data extraction

Finally, the external perturbation is removed and the system is propagated in real time,
which gives rise to the oscillations of the droplet. During this long-time evolution, we
calculate the expectation values of the monopole and quadrupole operators, 〈Q0(t)〉 and
〈Q2(t)〉, at the regular time intervals. This captures the collective oscillations of the droplet.
A Fourier transform of 〈Q0(t)〉 and 〈Q2(t)〉 is then performed to extract the corresponding
frequencies.

Exact details about calculations were discussed earlier in the explanation of Trotter propagation
formula.
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4 Study of non-squeezed Bose-Bose quantum droplets

In this Chapter, we focus on the study of ordinary three-dimensional non-squeezed Bose-
Bose quantum droplets. The main objective of this Chapter is to benchmark and validate our
numerical approach before moving to the more intricate squeezed droplets. It will be validated
by comparing against the results reported in [22].

In addition, the peak frequencies obtained from the simulations will be compared against
the predictions of the sum rule approach (Eqs. (3.10) and (3.11)) to verify them as a good
analytical approximation method. Finally, we will employ the Liquid Drop Model (Eq. (3.12))
to empirically determine a relation between the chemical potential µ and the number of atoms
N with the aim of developing a practical criterion for determining the stability of the collective
oscillations. Such a criterion is of particular importance in determining the critical atom number,
where instabilities may set in.

In order to simplify the numerical calculations and avoid dealing with impractical numbers,
it is convenient to introduce a system of natural units based on the scattering length a11. This
way, all physical quantities can be expressed in dimensionless form, and the SI values can be
restored later if needed. We begin by defining the basic length scale as the scattering length a11,
which sets the natural unit for sizes and distances. In pair with the particle mass m, it defines
the natural energy scale

E0 =
~2

2ma2
11

, (4.1)

which is set to one in our calculations. We can also define the corresponding natural unit of
time

t0 =
2ma2

11

~
. (4.2)

From these base definitions, we derive the corresponding units of all other physical quantities
of interest, which are presented in Table 2.

By formulating the problem in this system of natural units, all quantities appearing in the
Hamiltonian and in the dynamical equations become dimensionless. This greatly simplifies both
numerical simulations and analytical approaches, while ensuring that the physical interpretation
of the results remains straightforward. All physical quantities can be easily converted back to
the SI units as shown in Table 2, in order to compare the results from the simulations with the
real experimental results.
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Table 2: Natural units of relevant physical quantities based on the scattering length a11 and atom mass
m. For reference, SI values of the corresponding units are shown for B = 56.230 G.

Physical quantity Natural unit SI value

L (length) a11 63.648a0 ≈ 3.368 · 10−9 m

m (mass) mK39 6.470 · 10−26 kg

E (energy)
~2

2ma2
11

7.576 · 10−27 J

t (time)
2ma2

11

~
1.392 · 10−8 s

p (momentum)
~
a11

3.131 · 10−26 kgm/s

k (wavenumber)
1

a11

2.969 · 108 m−1

ω (frequency)
~

2ma2
11

7.184 · 107 s−1

4.1 Simulation parameters

After determining the unit system, we have to choose the various parameters of the simulations.
For simplicity, all physical quantities will be written without mentioning of the units, throughout
the text, assuming natural units. The simulation box for the non-squeezed droplet is chosen of
the dimensions

[8000, 8000, 8000],

with the corresponding discretization of

[64, 64, 64],

making the discrete spacial step equal to
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∆x =
8000

64
= 125.

The timestep is selected as ∆t = 50 and the total simulation duration is

Timag = 106,

for the imaginary time propagation, making the number of time steps

N (imag)
t =

106

50
= 20000.

Similarly, the total simulation duration for the real time propagation is

Treal = 107,

which makes the number of time steps equal to

N (real)
t =

107

50
= 200000.

Physical quantities of interest will be calculated and saved in regular time intervals, every
∆Nt = 100 timesteps. All simulations will be performed across the various numbers of atoms
N which can be summarized as follows

N ∈ {100000, 250000, 500000, 750000, 1000000, 1500000, 2000000} .

Last parameter of choice is the perturbation strength parameter λ, which according to the [22],
has to be of order of magnitude 10−13 − 10−15. Therefore, all simulations were performed with

λ ∈
{

10−13, 10−14, 10−15
}
,

and since for the non-squeezed droplets results did not vary at all, only results for λ = 10−13

will be presented.
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4.2 Results

We have propagated the excited droplet for a very long period of time, and stored 〈Qi(t)〉 in
regular time intervals. After that, we have analysed the time series by utilizing the Fourier
transform. Fig. 3 (left) shows 〈Q0(t)〉 for droplets with a selected range of atom numbers.
The oscillations are clearly harmonic in nature, stable over time, and do not have any beats or
complicated behaviour for larger droplets. Only the droplet with N = 500000 exhibits some
damping over time, most likely due to unstable oscillation mode, which will be further analysed
in the study of chemical potential.

The monopole strength function in logarithmic scale as a function of the excitation frequency
is shown in Fig. 3 (right). The dashed vertical lines correspond to the frequency E1/~ obtained
by the sum rule (Eq. (3.10)), and they show great aligning with the simulation obtained peaks.
This is consistent with expectations, as the main assumption in the derivation of the sum rules
is that most of the mode strength has to be concentrated in a single narrow peak. The solid
vertical lines represent the frequency |µ|/~ corresponding to the absolute value of the chemical
potential |µ|, obtained by the Liquid Drop Model (Eq. (3.14)). It serves a role of the atom
emission threshold, the energy of oscillations required for atoms to be ejected from the droplet.
We can see that the frequency of the oscillations for the N = 500000 droplet is slightly above
the threshold, which implies that the atom emission is energetically favourable. Therefore, small
droplets, excited by the V0 = λQ0, have excited states which may decay by atom emission [9,
12].

The quadrupole mode is analysed in a similar way, but with a broader range of choosen values
of N . Fig. 4 (left) shows 〈Q2(t)〉 for various droplets. The oscillations are very regular and
stable, across the whole range of droplets, without any signs of damping or beats. This is due
to oscillation frequencies resting well bellow the stability threshold. The quadrupole strength
function in logarithmic scale as a function of the excitation frequency is shown in Fig. 4 (right).
Since the oscillation strength is completely concentrated in a single peak, it is expected for sum
rule (Eq. (3.11)) to be an excellent estimate of the peak frequency. This has been verified by
observation of the dashed vertical lines on the Fig. 4 (right).

Finally, we compare our findings with the results reported in [22] to confirm the validity of
our methods and models. A direct quantitative comparison is not straightforward, as different
droplet sizes were employed in the respective studies. However, a qualitative assessment reveals
that both analyses yielded very similar results. This consistency strongly supports the validity
of our results, especially considering that our results also exhibit excellent agreement with the
analytical approximation.
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Figure 3: Time evolution of the monopole moment oscillations 〈Q0(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.10), and the vertical red solid lines correspond to the frequency |µ|/~.
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Figure 4: Time evolution of the quadrupole moment oscillations 〈Q2(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.11), and the vertical red solid lines correspond to the frequency |µ|/~.
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Table 3: Liquid drop model coefficients obtained by fitting the Eq. (3.14) on results from both the QMC
and MF+LHY simulations. All coefficients share the same dimension with the energy.

EV ES EC
QMC −5.31 · 10−5 1.18 · 10−3 7.44 · 10−3

MF+LHY −4.66 · 10−5 1.02 · 10−3 6.20 · 10−3

Fig. 5 shows the breathing and quadrupole frequencies, corresponding to the main peaks,
as a function of the number of atoms. In this analysis, we also include the results obtained
by the MF+LHY approach in order to quantify the beyond-LHY effects. We can see that the
QMC functional consistently predicts higher frequencies for both the breathing and quadrupole
modes, across the whole N range.

Furthermore, the chemical potential prediction based on QMC functional results is
significantly higher than the one predicted by fitting on MF+LHY results. Liquid drop model
coefficients for both approaches are presented in Table 3.

Figure 5: Breathing (upper points) and quadrupole (lower points) frequencies as a function of the
number of atoms N obtained from QMC and MF+LHY simulations. Dashed lines are the E1/~
frequencies from the sum rules (Eq. (3.10) and (3.11)), and solid lines represent the |µ|/~ frequencies.
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5 Study of squeezed Bose-Bose quantum droplets

In this Chapter three-dimensional squeezed Bose-Bose quantum droplets will be studied.
Direction of squeezing is chosen to be the z axis. During the whole simulation procedure,
strong external harmonic potential in the z axis will be added in order to squeeze the droplet,
which can be written as

Vho =
mω2z2

2
, (5.1)

where m is the mass of the particle and ω is the frequency of the associated harmonic oscillator.
We convert it to natural units by writing

Vho =
mω2z2

2
=

~2

2ma2
11

· 2ma2
11

~2
· mω

2z2

2
. (5.2)

We recognise the first fraction as the natural unit of energy which is identically equal to one,
thus we focus on rewriting the rest of the right side in a more compact form. Firstly, it has to be
multiplied

Vho =
2ma2

11

~2
· mω

2z2

2
=
m2ω2a2

11z
2

~2
, (5.3)

and since z is still in the SI units, we introduce

z′ =
z

a11

, (5.4)

which is in the natural units. We reformulate it to z = z′a11 and substitute into Eq. (5.3) to
arrive at

Vho =
m2ω2

~2
a4

11z
′2. (5.5)

Now, we introduce the length of the harmonic oscillator

aho =

√
~
mω

, (5.6)

which inserted into Eq. (5.5) gives

Vho =
a4

11

a4
ho
z′2. (5.7)

Now we can drop the prime on the z′ and introduce our choice of the oscillator length
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aho = f · aexp, (5.8)

where f is an arbitrary squeezing parameter, and aexp is the harmonic length of a potential used
in the experiment reported in [11], which equals

aexp = 0.639 µm.

The smaller f corresponds to a stronger confinement, while larger f leads to a less squeezed
droplet. In our analysis, all simulations will be performed with

f ∈ {0.25, 0.50, 0.75, 1.00}, (5.9)

and the squeezing effect on a two-dimensional cross-section density as a function of f is shown
in Fig. 6.

5.1 Simulation parameters

We have to choose the wide range of parameters for the simulations. The simulation box for the
droplets with f = 1.00 is chosen of the dimensions

[8000, 8000, 2000],

for the droplets with f = 0.75 it is

[8000, 8000, 1600],

while for other values of f the box is

[8000, 8000, 1200].

The corresponding number of spacial discretization steps is

[64, 64, 64].

The timestep is selected as ∆t = 50 and the total simulation duration is

Timag = 106,

for the imaginary time propagation, making the number of time steps

28



Marko Korda: Oscillations of squeezed Bose-Bose quantum droplets

N (imag)
t =

106

50
= 20000.

Similarly, the total simulation duration for the real time propagation is

Treal = 107,

which makes the number of time steps equal to

N (real)
t =

107

50
= 200000.

All simulations will be performed with the extensive range of atom numbers N , which can be
summarized as

NBM ∈ {25000, 50000, 75000, 100000, 200000, 300000, 400000, 500000}

for the breathing mode analysis, while the range for the quadrupole mode calculations is

NQM ∈ {5000, 10000, 15000, 20000} ∪ {NBM}.

Last parameter of choice is the perturbation strength parameter λ. In contrary to the non-
squeezed droplets, the oscillations of the squeezed droplets show much more sensitivity to the
choice of λ. Therefore, we performed simulations for the wide range of λ

λ ∈ {10−11, 10−12, 10−13, 10−14, 10−15}

and then analysed the results in order to find the optimal value. Too strong perturbation will
destroy the droplet, while too weak perturbation will not excite the desired collective oscillation
modes. The results for N = 500000 and f = 0.25 are shown in Fig. 7.

We can see that the oscillations for λ = 10−11 and λ = 10−12, completely break down,
signalling that the perturbation is too powerful. Furthermore, the oscillations for λ = 10−14 and
λ = 10−15 have significant beating pattern, which suggests that the desired oscillation mode
is not excited properly. Finally, we can conclude that the optimal value for the perturbation
strength parameter is λ = 10−13, which will be used throughout the remainder of this thesis.
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Figure 6: 2D density profiles ρ(0, y, z) of droplets with 100000 atoms for the magnetic field B =
56.230 G and different squeezing strengths, described by the harmonic oscillator length of aho = f ×
0.639 µm. Beware of the different scales on the y axis (perpendicular to squeezing) and on the z axis
which is in the direction of the squeezing.
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Figure 7: Time evolution of the quadrupole moment oscillations 〈Q2(t)〉, obtained by the QMC energy
functional, across the range of λ values, which are shown on the left side. The droplet has N = 500000
atoms, and the squeezing parameter is f = 0.25.
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5.2 Breathing mode

We have propagated the excited droplet for a very long period of time, and stored 〈Q0(t)〉 in
regular time intervals. After that, the stored time series has been analysed by applying the
Fourier transform. Fig. 8 (left) shows 〈Q0(t)〉 for various droplets squeezed by the squeezing
parameter f = 0.25. Also, Fig. 9 (left) presents the oscillations for droplets confined by f =

1.00. Plots for two other confinement strengths can be found in the Appendix A.

Figs. 8 (right) and 9 (right) show the monopole strength function in logarithmic scale as a
function of the excitation frequency. The dashed vertical lines correspond to the frequency
E1/~ obtained by the sum rule (3.10), and they show exceptional agreement with the peaks
obtained by simulations. This aligns with the expectations, as the main assumption of the sum
rules is that most of the oscillation mode energy has to be concentrated in a single narrow
peak. For all values of f , we can see a dominant peak only accompanied by a strange peak
of lesser strength in the higher frequency range. One significant property we can notice is that
for the same value of f , its frequency seems constant in value. This could be in relation to the
frequency of the squeezing potential, but further analysis is required to eliminate the possibility
of numerical artefacts.

For f = 0.25, oscillations are clearly harmonic and stable for droplets with N = 50000

or more atoms. Only the droplet with N = 25000 exhibits beating behaviour which can be
explained as the peak frequency predicted by the sum rules crossed over the stability threshold.
On the other side of the spectrum, for f = 1.00, this behaviour is extended to the N = 50000

and N = 75000 droplets, only N = 100000 being stable and harmonic. It also can be explained
by the relation between predicted oscillation frequency and the |µ|/~ as the stability threshold.

The Liquid Drop Model (Eq. (3.14)) has been employed for the calculation of the chemical
potential. It is shown on Figs. 8 (right) and 9 (right) as the vertical solid line. It serves a purpose
as the atom emission threshold, the oscillation energy required for atoms to be ejected from the
droplet. As mentioned earlier, we can see that smaller droplets tend to have excited states that
can decay by atom emission. Stronger confinement drives that limit down, which makes sense
as the droplets need lesser atom numbers in order to possess similar properties.
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Figure 8: Time evolution of the monopole moment oscillations 〈Q0(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.10), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 0.25.
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Figure 9: Time evolution of the monopole moment oscillations 〈Q0(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.10), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 1.00.
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5.3 Quadrupole mode

The excited droplet was propagated for a very long period of time in a real time propagation,
and 〈Q2(t)〉 was stored in regular time intervals. Secondly, the time series was analysed by
utilizing the Fourier transform to obtain the frequency spectrum. Fig. 10 (left) shows 〈Q2(t)〉
across the selected array of droplet sizes, squeezed by the squeezing parameter f = 0.25. For
the droplets with f = 1.00 squeezing, the oscillations are presented on Fiq. 11 (left). Plots for
f = 0.50 and f = 0.75 are located in the Appendix A.

Figs. 10 (right) and 11 (right) show the quadrupole strength function in logarithmic scale
as a function of the excitation frequency. The dashed vertical lines represent the frequency
E1/~ obtained by the sum rule (3.11), and they shown extraordinary alignment with the peaks
calculated from the simulations. This is in line with the expectations, as the core assumption
for sum rules to hold, is that the majority of the oscillation mode energy is concentrated in a
single narrow peak. It even gives excellent results for the droplets that have a second significant
peak, showing universality of this approach for the peak frequency approximation. For some
droplets we can notice the small peak at the very high frequency, similar to one observed in the
monopole analysis. It also seems as the frequencies of that peaks align between all simulations
with the same f , further warranting our assumption of it being directly related to the frequency
of the harmonic squeezing potential.

For the smallest f , oscillations seem to be stable and mostly harmonic, but we can notice
the second peak showing at higher frequency, just under the stability threshold. Larger droplets
seem to have a single peak frequency, which dominates other possible peaks. As an example,
the oscillation energy for the droplet with N = 500000 is completely concentrated in a single
narrow peak. The droplets with the least confinement show great stability of their oscillations,
and the frequency spectrum is dominated by a single peak. Only the small droplet with N =

25000 exhibits damped oscillations with the traces of beats. This is clearly the result of peak
frequency exceeding the stability threshold.

The chemical potential µ was calculated using the LDM (3.14). It is shown on Figs. 10
(right) and 11 (right) as the vertical solid line. The accompanied frequency |µ|/~ has a role of
the stability threshold, the oscillation energy needed for atoms to be ejected from the droplet.
The quadrupole oscillations tend to be more stable across the whole range of f and N , only
the N = 25000 atom droplet becoming unstable for the squeezing strength f = 1.00. We can
conclude that the strongly confined droplets can exhibit stable quadrupole collective oscillations
for very small atom numbers.
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Figure 10: Time evolution of the quadrupole moment oscillations 〈Q2(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.11), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 0.25.
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Figure 11: Time evolution of the quadrupole moment oscillations 〈Q2(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.11), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 1.00.

37



Marko Korda: Oscillations of squeezed Bose-Bose quantum droplets

5.4 Comparison with MF+LHY approach

We show in Figs. 12 - 15 the breathing and quadrupole peak frequencies, as a function of the
number of atoms obtained with the QMC functional and the MF+LHY approach. As we can
see, the QMC functional approach gives systematically higher valuer for the peak frequencies,
across the whole N range. This gap is significantly more pronounced for the breathing mode
calculations, especially for higher f values. For the f = 0.25 squeezing, quadrupole mode
calculations give very similar results for both approaches. One possible explanation is that
beyond-LHY effects are greater in the three-dimensional droplet, since stronger squeezing
approaches quasi-two-dimensional regime.

Figure 12: Breathing (upper points) and quadrupole (lower points) frequencies as a function of
the number of atoms N obtained from QMC and MF+LHY simulations. Dashed lines are the E1/~
frequencies from the sum rules (Eq. (3.10) and (3.11)), and solid lines represent the |µ|/~ frequencies.
The squeezing parameter is f = 0.25.

38



Marko Korda: Oscillations of squeezed Bose-Bose quantum droplets

Figure 13: Breathing (upper points) and quadrupole (lower points) frequencies as a function of
the number of atoms N obtained from QMC and MF+LHY simulations. Dashed lines are the E1/~
frequencies from the sum rules (Eq. (3.10) and (3.11)), and solid lines represent the |µ|/~ frequencies.
The squeezing parameter is f = 0.50.

Figure 14: Breathing (upper points) and quadrupole (lower points) frequencies as a function of
the number of atoms N obtained from QMC and MF+LHY simulations. Dashed lines are the E1/~
frequencies from the sum rules (Eq. (3.10) and (3.11)), and solid lines represent the |µ|/~ frequencies.
The squeezing parameter is f = 0.75.
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Figure 15: Breathing (upper points) and quadrupole (lower points) frequencies as a function of
the number of atoms N obtained from QMC and MF+LHY simulations. Dashed lines are the E1/~
frequencies from the sum rules (Eq. (3.10) and (3.11)), and solid lines represent the |µ|/~ frequencies.
The squeezing parameter is f = 1.00.
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Table 4: Liquid drop model coefficients obtained by fitting the Eq. (3.14) on results from both the QMC
and MF+LHY simulations, for different values of the squeezing strength parameter f . All coefficients
share the same dimension with the energy.

f Functional EV [10−5] ES [10−4] EC [10−3]

0.25
QMC −4.860 2.726 5.235

MF+LHY −4.190 2.057 4.571

0.50
QMC −5.194 6.176 3.305

MF+LHY −4.408 4.360 4.020

0.75
QMC −5.601 10.213 −1.142

MF+LHY −4.717 7.371 1.090

1.00
QMC −5.989 14.073 −6.182

MF+LHY −5.066 10.735 −3.203

5.5 Comparison between squeezing strengths

Now, we will briefly discuss effects of different squeezing strengths on the peak frequencies of
both breathing and quadrupole modes. Fig. 16 shows the breathing mode peak frequency as the
function of the number of atoms N for different squeezing parameters f , and the Fig. 17 shows
the same for the quadrupole mode. For both modes, we can see that the stronger squeezing
lowers the peak frequency across the whole N range. It can be noted that the sum rule approach
works much better for the quadrupole mode for every f , especially for the lowerN range. Also,
we notice that the frequencies for the breathing mode at f = 1.00 deviate significantly from the
sum rule approach.

It is also interesting to investigate how LDM coefficients depend on the value of f , since
every coefficent has a direct physical interpretation. First, let’s recall the energy per particle
derived from the liquid drop model

E

N
= EV + ESx+ ECx

2 (5.10)

where x = N−1/3. The first term is known as the volume term, second term corresponds to the
surface energy, and the third term is called the curvature energy. Corresponding coefficients are
EV , ES and EC , respectively, and they are showed in the Table 4 for both the QMC and the
MF+LHY approach, across different f values.

As we can see, the coefficients from QMC simulations tend to have greater absolute value
than the MF+LHY counterparts, keeping the same sign. All EV values are negative, all ES
values are positive and the most of the EC values are positive. With increasing confinement
strength, energy from the curvature rises due to sharper curves on the edge of the squeezed
droplets as opposed to the spherical droplets. Also, the volume energy increases, while the
surface term decreases.
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Figure 16: Breathing mode frequencies as a function of the number of atoms N compared between
various squeezing strength parameters f , obtained by the QMC functional simulations. Dashed lines
correspond to the E1/~ frequencies from the sum rule (Eq. (3.10)).

Figure 17: Quadrupole mode frequencies as a function of the number of atoms N compared between
various squeezing strength parameters f , obtained by the QMC functional simulations. Dashed lines
correspond to the E1/~ frequencies from the sum rule (Eq. (3.11)).
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6 Conclusion

In this thesis, we studied the collective oscillations in squeezed self-bound Bose-Bose droplets,
as a function of droplet size and confinement strength. To achieve this, we employed a robust
numerical approach based on Density Functional Theory, using an energy functional derived
from exact Quantum Monte Carlo data. The validity of our simulation procedure was first
established in the non-squeezed case, where our results showed excellent agreement with
previous work on the topic [22]. This provided a strong foundation for the central investigation
of squeezed droplets. Our primary finding is that increasing confinement strength significantly
lowers the frequencies of both the monopole and quadrupole modes. This behaviour was
accurately captured by an analytical sum-rule approach, affirming its role as a practical tool for
quickly predicting peak frequencies. Also, by introducing a Liquid Drop Model to connect the
chemical potential to the number of atoms, we established a clear stability threshold. This
model proved to be exceptionally powerful, successfully explaining every observed instance of
mode damping or deviation.

The implications of these findings are significant for future research. First, the discovery that
squeezing lowers the critical number of atoms required for a droplet to be self-bound suggests
that squeezed droplets are more experimentally accessible than spherical droplets. This could
lower the technical barrier for creating and studying these systems. Second, the significant
frequency shifts provide clear, testable signatures for experimentalists to probe the dimensional
crossover and the nature of beyond-mean-field effects.

This study was conducted under the assumption of zero temperature, therefore its limitation
is the neglect of thermal fluctuations, which could introduce additional oscillation damping and
shift the frequencies in a real experimental setup. Furthermore, our model does not account
for inelastic three-body loss processes, which may become relevant to the lifetime of strongly
squeezed droplets. It would also be useful to extend the study to other values of experimentally
accessible magnetic fields.

This work opens several exciting avenues for future research. An immediate theoretical
extension would be to incorporate finite-temperature effects into the simulations to provide an
even more direct comparison with experiments. Furthermore, applying this validated
methodology to explore other geometries, or to investigate the dynamics of droplets in
Bose-Fermi mixtures, would provide deeper insights into the fascinating world of self-bound
quantum systems.
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A Graphs

Figure 18: Time evolution of the monopole moment oscillations 〈Q0(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.10), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 0.50.
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Figure 19: Time evolution of the monopole moment oscillations 〈Q0(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.10), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 0.75.
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Marko Korda: Oscillations of squeezed Bose-Bose quantum droplets

Figure 20: Time evolution of the quadrupole moment oscillations 〈Q2(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.11), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 0.50.
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Marko Korda: Oscillations of squeezed Bose-Bose quantum droplets

Figure 21: Time evolution of the quadrupole moment oscillations 〈Q2(t)〉 (left) obtained by the QMC
energy functional, and the corresponding frequency spectrum (right) obtained by the Fourier transform.
In the right figures, the vertical red dashed lines correspond to the frequency E1/~ obtained by the sum
rule in Eq. (3.11), and the vertical red solid lines correspond to the frequency |µ|/~. The squeezing
parameter is f = 0.75.
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